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Abstract
The molecular theory of the second Kerr-effect virial coefficient BK describing
the effects of interacting pairs of molecules on the molecular Kerr constant for
molecules with non-linear symmetry is reviewed, and then extended to include
higher-order contributions arising from field gradient effects and molecular elec-
tric quadrupole moment contributions in the molecular interactions.
This investigation has been limited to non-dipolar species, where the perma-
nent electric quadrupole moment is the leading multipole moment, making these
molecules a useful test of the quadrupole-induced-dipole contributions. (In dipo-
lar species, the quadrupole contributions will likely be masked by the generally
much-larger contributions arising from the permanent electric dipole moment.)
The resulting expressions for contributions to BK are evaluated numerically (us-
ing Gaussian quadrature) for the non-dipolar molecules C2H4, C2H6 and CO2.
C2H6 and CO2 are axially-symmetric molecules, while C2H4 is of lower (D2h)
symmetry. Attempts to approximate C2H4 to axial symmetry in calculations of
BK have yielded values which significantly underestimate the measured data. In-
clusion of the full molecular symmetry in the molecular-tensor theory yields a
substantial improvement in agreement with experimental results. For CO2 and
C2H4, both of which have relatively large quadrupole moments and polarizabil-
ity anisotropies, the series of quadrupole-induced-dipole interaction terms are
found to contribute significantly to BK , often in excess of 50%, while for C2H6,
which has a relatively tiny quadrupole moment and polarizability anisotropy, the
dipole-induced-dipole terms dominate, contributing in excess of 99% to BK .
v
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Chapter 1
Review and Introduction
1.1 Review: Birefringence in the Kerr Effect
1.1.1 The Kerr Effect
When a substance, which is optically isotropic, is placed in a region with a strong
uniform electric field, the substance becomes birefringent. This effect was dis-
covered by the Reverend John Kerr in 1875 when he observed the birefringence
induced in glass when placed in a strong electric field [1]. Only gaseous media will
be considered in this work, where the field-induced birefringence arises through
both the partial alignment of the permanent molecular multipole moments as well
as the distortion of the electronic structure of the molecules in the presence of the
external static electric field. The Kerr constant K of a homogeneous substance
is defined by the relation
n‖ − n⊥ = λKE2 , (1.1)
which illustrates that the magnitude of the effect is found to be proportional to the
square of the electric field strength E. n‖ is the refractive index for light when the
polarization vector is parallel to the direction of the applied electric field, while
n⊥ is the refractive index for light with the polarization vector perpendicular to
the applied field. If linealy-polarized light enters this now-anisotropic medium
1
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propagating at right angles to the direction of E, the induced birefringence will
cause it to emerge from the medium elliptically polarized. The relative phase
retardation, in radians, between the parallel and perpendicular components of




(n‖ − n⊥) , (1.2)
where l is the distance which the light traverses in the birefringent medium and
λ is the wavelength of the light.
1.1.2 Interaction Properties, Effects of the Density
The effect of two-body or higher-order interactions on optical properties is often
expressed by a virial expansion. The dependence of a measurable molecular-optic
property Q of a real gas on the molar volume Vm is written as [2]






+ ... , (1.3)
where AQ, BQ and CQ are the first, second and third virial coefficients, respec-
tively, which are independent of Vm, but are functions of frequency and temper-
ature. The first virial coefficient AQ describes the isolated molecule contribution
to Q. The second virial coefficient BQ describes the excess contribution to Q
due to the interactions of molecular pairs, while the third virial coefficient CQ
describes contributions from the interaction of molecular triplets.
1.2 Introduction and the aims of this work
One of the principal goals in molecular optics is the experimental and theoreti-
cal determination of the electromagnetic properties of individual molecules. This
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is often achieved via experimental investigation of the interaction between light
and macroscopic samples of matter, and then coupling such measurements with
suitable molecular-tensor theories to relate the macroscopic observables to the
molecular property tensors of the molecules in the sample [3–8].
The measurement of the electro-optical Kerr effect of gases is an important tool
used to determine electric properties such as the polarizability and hyperpolariz-
ability tensors. These electric properties provide an insight into the structure and
charge distribution of molecules [3, 9, 10]. Careful consideration must be taken
of the fact that in a typical gas sample the molecules cannot be treated as though
they are independent systems, since the presence of molecular interactions can
affect the bulk properties of the sample, sometimes substantially modifying them
from those of an ideal gas. Pressure dependence studies can yield useful insights
into intermolecular interaction properties, allowing for testing of the long-range
model of intermolecular forces, thus making the Kerr electro-optic effect a very
useful technique. The Kerr effect in gases is, in general, very small in comparison
to that in liquids and solids. Thus making density-dependent contributions to
the effect are extremely difficult to measure with high accuracy and precision.
This explains the relative scarcity in experimental data in the case of gases.
This work reviews the molecular-tensor theory of the Kerr effect developed by
Couling and Graham [11, 12]. Subsequent work by Graham and Hohls [13] at-
tempted to extend this theory to include quadrupole-induced-dipole contributions
to BK , though this work was never published, and has been found to contain
catastrophic errors, some of the contributing terms not having been accounted
for. The present investigation extends the molecular-tensor theory of the Kerr-
effect of Couling and Graham to include higher-order contributions arising from
field gradient effects and electric quadrupole moment contributions in the molec-
ular interactions. This theory is developed in Chapter 2, and in Chapter 3 is
applied to three non-dipolar species for which experimental BK data are avail-
able, namely C2H4, C2H6 and CO2. For C2H4 and CO2, which both have a
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relatively large permanent quadrupole moment and polarizability anisotropy, the
new higher-order contributions are found to often be quite substantial, sometimes
contributing more than 50% to BK . The calculated BK values are compared with
the available measured data, and are found to be in reasonable agreement after
inclusion of the new contributions.
While experimental investigations of the Kerr effect exist for other molecules
such as CS2, C6H6, C6H3F3 and C6F6 [14, 15], the observations have been made
at relatively low pressures, so that second Kerr-effect virial coefficients were not
detectable. With the new theory, it will be possible to predict the BK data for a
range of non-dipolar species which might be profitable for future measurement.
Chapter 2
Theory of the Kerr Effect
2.1 Introduction
In 1875, Kerr observed that when an isotropic medium is placed in a strong uni-
form electric field, it will generally become birefringent [1]. In this particular
review the investigation shall be limited to gaseous media, where the application
of a strong, uniform applied field gives rise to anisotropy in the molecular dis-
tribution either resulting from intrinsic anisotropy in the individual molecules,
or because anisotropy is induced in the molecules due to the applied field it-
self. The main focus of the Kerr-effect measurements in gases is to be able to
determine molecular polarizabilities and hyperpolarizabilities, as well the deter-
mination of the Kerr-effect virial coefficients. In order for these properties to be
determined, mathematical relationships between the macroscopic experimental
observables and molecular-property tensors are required. Such relationships al-
low for the molecular-property tensors to be extracted from the measured data.
In 1955, Buckingham and Pople [9] were able to develop such a theory for gases
comprised of axially–symmetric molecules at low pressure. Buckingham extended
this theory to dense gases of axially–symmetric molecules [10]. In 1995, Bucking-
ham’s theory was extended by Couling and Graham to include gases comprised
of molecules with symmetry lower than axial, and also including higher-order
molecular-interaction terms to ensure convergence to a meaningful result [11, 12].
This theory will be reviewed as part of this MSc project, in preparation for
5
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the inclusion of the new quadrupole-induced-dipole (QID) molecular-interaction
terms. This thesis is primarily concerned with inclusion of these higher-order
QID molecular-interaction terms and investigation of their relative contribution
to the second Kerr-effect virial coefficient BK of non-dipolar molecules.
When an isotropic gas sample is placed in the presence of a strong uniform electric
field the gas becomes birefringent. This phenomenon is known as the quadratic








(n2 + 2)2 (εr + 2)
2E2
, (2.1)





is the difference in refractive indices for light polarized parallel
and perpendicular to the applied electric field, and εr is the dielectric constant
of the gas. The virial expansion of the molar Kerr constant is [10]






+ · · · , (2.2)
where AK , BK and CK refer to the first, second and third Kerr-effect virial co-
efficients respectively. These coefficients are functions of temperature and the
frequency frequency of the probing electromagnetic radiation.
2.2 Non-interacting molecules
Consider an isotropic fluid contained inside a Kerr cell to which a static electric
field is applied. In order for the forces acting on the permanent and induced
multipoles of the molecules to be minimized they will tend to orient themselves
to the applied electric field. The medium becomes birefringent due to the resulting
anisotropy. If a linearly-polarized light beam were to pass through this medium,
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the emergent light would be elliptically polarized. This is caused by the phase
difference φ induced between the coherent resolved components of the incident
beam linearly-polarized perpendicular and parallel to the direction of the applied
electric field [9]. When the azimuth of the linearly-polarized incident beam has
an angle of π
4
radians relative to the applied field the phase difference induced
is at a maximum. A light beam with wavelength λ that propagates through a









Suppose the light beam, which is now elliptically polarized, is passed through a
quarter-wave plate which has its fast axis set at an azimuth of π
4
. The emergent





. The relationship between the induced phase difference and the Kerr
effect is given by
φ = 2πKlE2 , (2.4)
where the Kerr constant K, which can be negative or positive, depends on the
specific sample that is being investigated, its temperature, and the wavelength of







A Cartesian laboratory frame O (x, y, z) is considered to be fixed in a Kerr cell
such that x and y are set perpendicular and parallel to the direction of the
applied field respectively, with z in the direction of the of the beam propagating
through the cell. In the case of dilute fluids, where the molecular interactions
are negligible, the induced oscillating dipole moment µ
(p)
i of molecule p will result
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only from the oscillating electric field E0i of the light beam. Now since the fluid
experiences an application of a strong static electric field Ei the optical-frequency





= αij + βijkEk +
1
2
γijklEkEl + · · · . (2.6)
Here, all tensors refer to the molecule-fixed axes O (1, 2, 3) of molecule p. The sub-
scripts i, j, · · · indicate tensor components. When a suffix appears twice in the
same term, the Einstein summation convention is used, requiring a summation
over Cartesian components with respect to that term. The applied field causes a
distorting effect on the polarizability which can be described by the first and sec-
ond hyperpolarizability tensors βijk and γijkl. Frequency doubling and frequency
tripling are caused by the first hyperpolarizability and second hyperpolarizabilty,
respectively. These describe the dipole moments (induced by a light-wave field)
that oscillate at twice and three times the incident frequency respectively. The
increase in moment per unit increase in the field is measured by πij. This effective
polarizability has components parallel and perpendicular to the direction of the












,respectively. Here axi refers to the direction cosine between the x space-fixed
and the i molecule-fixed axes and ayi refers to the direction cosine between the
y space-fixed and the i molecule-fixed axes. The differential polarizability in the
presence of the biasing field for a molecule held in a fixed spatial configuration τ
is given by
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where Ei has been written as Ea
x
i . Since the molecule is tumbling in space, this
quantity needs to be averaged over all configurations in the presence of the biasing
influence of Ei. The rotational motion of the molecules can be treated classically
at typical experimental temperatures. A Boltzmann-type weighting factor can
be employed to perform the average over molecular configuration, since the light
wave’s period of oscillation is much smaller than the time taken for the molecules
to rotate. The Boltzmann-type weighting factor is given by
π =
∫
π (τ, E) e−U(τ,E)/kBTdτ∫
e−U(τ,E)/kBTdτ
, (2.10)
where U (τ, E) refers to the potential energy of the molecule in a specific configu-
ration τ in the presence of the biasing field. In molecule-fixed axes this becomes
U (τ, E) = U0 − µ(0)i Ei − 12aijEiEj −
1
6
bijkEiEjEk + · · ·








k + · · · .
(2.11)
Here the field-free molecular potential energy is denoted by U0, while the per-
manent dipole of the molecule is denoted by µ
(0)
i , and aij refers to the molecule’s
static polarizability, with bijk referring to the molecule’s static first-order hyper-
polarizabilty, etc. The difference between the refractive indices becomes




where NA is Avogadro’s number. The relation between the induced birefringence
and the biasing electric field requires the average differential polarizability to be
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evaluated. In order for this to be achieved, the biased averages are converted into
isotropic averages by Taylor expanding π̄ in powers of E:
π = A+BE + C E2 + · · · , (2.13)
where

















The isotropic average 〈X〉 of a quantity X (τ, E) with E = 0 is given by
〈X〉 =
∫




In order to obtain expressions for A, B and C, determination of the isotropic
averages of the direction cosines is required. These general results are provided
by Buckingham and Pople [9] and by Barron [5] as follows:

〈axi 〉 = 〈a
y






















































































(4δijδkl − δikδjl − δilδjk)

. (2.16)
When E = 0, A becomes zero since 〈π〉 = 0, and therefore no birefringence is
induced in the fluid. Differentiating equation (2.10) with respect to E and putting













































Both of the terms in equation (2.17) average to zero over all directions of axi , so




































Differentiating equations (2.9) and (2.11) twice with respect to E and setting the
















































(−2δijδkl + 3δikδjl + 3δilδjk) (2.21)


























































































































































































so that equation (2.13) becomes

































(a11 + a22 + a33)

. (2.27)













































This equation is a generalized form of the Langevin-Born equation [9] which takes
into account the effects that high field strengths have on the polarizability. For
molecules that have a high symmetry this general equation becomes greatly sim-
plified.
The temperature-independent contribution to the Kerr effect, proportional to
the second hyperpolarizability, accounts for a measurable Kerr constant for atoms
like helium as well as for isotropically polarizable molecules such as methane. Al-
though the Langevin-Born theory predicts a zero effect for these systems, the





14 CHAPTER 2. THEORY OF THE KERR EFFECT




(3γijij − γiijj) . (2.31)
2.3 Interacting molecules
The above Langevin-Born and Buckingham-Pople [9] theory of electro-optical
birefringence bears reference specifically to assemblies of non-interacting molecules,
and in order to take into account dense fluids where intermolecular interactions
are present, it needs to be modified. The molecular Kerr constant is given as per
equation (2.2),






+ · · · , (2.32)
where the coefficients AK BK and CK refer to the first, second and third Kerr-
effect virial coefficients. These describe the contributions made to the molar Kerr
constant by non-interacting molecules, interacting pairs of molecules and inter-
acting triplets, respectively.








(mK − AK)Vm . (2.33)
In 1955, Buckingham presented a statistical-mechanical theory ofBK for molecules
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with axial-symmetry [10]. Buckingham and Orr extended this theory, in 1969, to
include additional effects of polarizability and angle-dependent repulsive forces
to calculate values of BK for CH2F2, CH3F and CHF3 [17]. Their experimental
values obtained approximate agreement for CH3F, while the calculated values for
CHF3 were found to be far too small [17]. They attributed this to the effects of
short-range interactions on the polarizability and potential energy, arguing that
the measurements of BK for polar gases probably would not yield any useful in-
formation about the nature of intermolecular forces. In 1983, Buckingham et al.
resolved this conflict between experiment and theory for the fluromethanes [18].
The collision-induced polarizabilty was included into the theory and this in fact
was found to be the dominant contributor to BK . A reasonable fit to the mea-
sured data for the fluromethanes over a range of temperature was achieved by
using a simple Stockmayer-type potential. The limiting factor of this theory was
the large uncertainty of around 50% in the experimental values. Couling and Gra-
ham, in 1995, developed a complete molecular-tensor theory of BK for interacting
molecules with general symmetry [11, 12]. This theory will now be reviewed, and
will simultaneously be extended to include the quadrupole-induced-dipole inter-
action terms, followed by their application to non-dipolar molecules of axial and
lower symmetry.
For an ideal gas in the presence of a strong electric field Ex, the molecular theory
of the Kerr effect gives the difference in refractive index as















tive isolated molecule in the presence of the biasing influence of the field Ex. The
contribution given by a representative molecule 1 to the difference in refractive
index, (nx − ny), is modified by the presence of a neighbouring molecule 2. For
a pair of interacting molecules in a specific relative configuration τ , the contri-
bution of molecule 1 to the induced birefringence at a particular moment will be
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ij is the differential polarizability (in molecule-fixed axes) of the inter-
acting pair. Initially the two molecules are allowed to rotate as a rigid whole in
the presence of the biasing electric field Ei, the interacting pair being treated as
held in a fixed relative configuration τ . This gives a biased orientational average
π(12) (τ, E) which, by Taylor expansion in powers of E, can subsequently be con-
verted into isotropic averages. The leading surviving term, unsurprisingly, is in
E2,
















































Here, U (12) (τ, E) refers to the potential energy of the interacting pair of molecules
in the presence of the applied field Ei. Extrapolating the ideal-gas definition of
the molecular Kerr constant which was proposed by Otterbein [16], provided in
equation (2.28), to higher densities, the molar Kerr constant becomes
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P (τ) dτ .
(2.39)
Here, P (τ) dτ refers to the probability of molecule 1 having a neighbour in the







where Ω = V −1m
∫
dτ is the integral over the orientational coordinates of the
neighbouring molecule 2. By comparing equations (2.32) and (2.39), the second
























For the more general case of molecules with symmetry lower than axial, the Euler
angles and the intermolecular displacement R (as detailed in Appendix A.1) are





































×R2 sin β1 sin β2 dR dα1 dβ1 dγ1 dα2 dβ2 dγ2 .
(2.42)
As in the case of an ideal gas, the total oscillating dipole moment induced in
a molecule is used to determine the refractive index of a dense gas. Now, the
dipole moment of a representative molecule 1 is induced by both the oscillating
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electric field E0i associated with the light wave, and also partly by the oscillating
field F (1)i and field gradient F
(1)
ij arising at molecule one due to the oscillating
moments of the neighbouring molecule 2. It was at this point that Couling and
Graham [11, 12] made the assumption that the quadrupole and field-gradient
effects would be negligibly small and therefore omitted them from further con-
sideration. These contributions will however be retained in the present analysis.






















































The relation between the dipole moment of molecule 2 and the field due to this
oscillating moment measured at the origin of molecule 1 is expressed via T -tensors
[3] (see appendix A.1) as

















The dipole and quadrupole moments of molecule 2 are themselves modified by
molecule 1’s oscillating dipole moment together with the oscillating field of the
light beam





















































The electric field arising at the origin of molecule 2 from the oscillating dipole
moment of molecule 1 is








while the field gradient is








Now the field gradient of the light wave E0ij can be neglected since the dimensions
of the molecules are extremely small in comparison to the optical wavelength. The
expression for the total dipole of molecule 1 is ultimately achieved by substituting
equations (2.47) to (2.50) into equations (2.45) and (2.46), followed by succes-






ij , giving rise to a lengthy series of
terms which contribute to the net field F (1)i and field gradient F
(1)
ij in equations
(2.45) and (2.46). Finally, substituting these lengthy series into equation (2.43)
gives the final expression for the total oscillating dipole induced on molecule 1 by
the light wave in the presence of molecule 2. This somewhat large expression is
presented in Appendix A.2. The differential polarizability of a general molecule
p, which is in the presence of both the static applied field Ei and a neighbouring
molecule q, is determined by differentiating the expression for µ
(1)
i with respect
to E0i. The resulting equation for the differential polarizability is also presented
20 CHAPTER 2. THEORY OF THE KERR EFFECT
in Appendix A.2.
For a specific relative interaction configuration τ of molecules p and q in the













j is given by













In the long-range limit the assumption that the interacting molecules each re-
tain their separate identities is clearly valid. In the very short-range, when the
molecules come close enough together such that the charge distributions of the in-
teracting molecules begin to overlap, difficulties begin to arise since the molecules
can no longer be unambiguously defined. For a definitive description, ab initio
quantum-mechanical calculations are required, but these calculations are noto-
riously difficult to perform even for atoms [19], and are beyond the scope of
this analysis. Treating the interacting molecules as if they retain their separate
identities even in the short-range overlap region, the total dipole moment of the



























For a specific relative interaction configuration τ of an interacting pair in the













j is given by
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= π(1) (τ, E) + π(2) (τ, E) .
(2.54)
The interacting pair’s potential energy in the presence of the biasing electric field
is given by





i (τ, E) a
x
i dE , (2.55)




i is the total dipole moment of the pair
in the presence of Ei.
The dipole moment of the molecule p in the presence of molecule q and the


















































0ij are the permanent dipole and quadrupole moments of the




ij are the static field and field gradient
arising at molecule p due to the permanent and induced dipole and quadrupole



































ij into equation (2.56) yields an
expression for µ
(p)
i which is provided explicitly in Appendix A.3.
Equation (2.55) and the equation for µ
(p)
i in Appendix A.3 together yield an
expression for the potential energy of molecule p arising from the applied static
field Ei and the fields arising from molecule q, this expression being provided in
Appendix A.4. The interacting pair’s potential energy becomes








in the expression for BK given by equation







































are now evaluated. Equation (2.54), coupled with the recognition that molecule
1 and molecule 2 are identical such that the isotropic averages of their polariz-
abilities must be the same, gives rise to the following rearrangement:












































































































































































Up to this point, the analysis has been general, allowing both for dipolar and
non-dipolar molecules. This will aid future investigation of the quadrupole-
induced-dipole contribution for dipolar species, although it is anticipated that the
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dipole-induced-dipole contribution will, in general, swamp the QID terms (possi-
ble exceptions are molecules with a small permanent dipole moment, like carbon
monoxide). From this juncture, the focus is solely on non-dipolar molecules, and
















= α2 + α3 + α4 + α5 + α6 + α7 + · · ·
+ γ1α1 + γ1α2 + · · ·
+ θ2α3 + θ2α4 + θ2α5 + θ2α6 + θ2α7 · · · ,
(2.66)
which are given explicitly below. The series of terms purely in the polarizability
have previously been evaluated up to α5 [11, 12], but have been extended here to
include α6 and α7. The reason for this was to verify that the series had converged
to a meaningful numerical result: for C2H4 at the lower temperatures of around
200 K, α6 contributes 3.3% to BK , which is non-negligible, while α7 has dimin-
ished to 0.25% of BK , suggesting convergence of the series has been achieved. For
CO2, α6 and α7 contribute only 0.3% and 0.01% to BK respectively at T = 200
K, while for C2H6 the respective contributions at 200 K are 1.2% and 0.06%.
The series of terms in the second hyperpolarizability term were previously found
to contribute negligibly for C2H4 (0.04% at 333 K) [12], so are omitted here, as
are any contributions arising from the miniscule C-tensor.
Hohls [13] evaluated the terms θ2α3, θ2α4 and θ2α5. Unfortunately, the terms
for θ2α4 and θ2α5 in her thesis are missing some of the contributing expressions,
and while the lowest-order θ2α3 term has all contributing expressions, the calcu-
lated contributions to BK for CO2, for example, are 5 times smaller than what
is achieved in this work. The algebra in this work has consequently been thor-
2.3. INTERACTING MOLECULES 25
oughly re-checked to ensure no erroneous inputs via Mathematica, and found to
be accurate.

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































×〈axα axω axi axa − ayα ayω axi axa〉 (2.77)
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Using equations (2.21) and (2.27), the isotropic averages can be evaluated.






























































The tensor manipulation facilities of the algebraic manipulation package Mathe-
matica are then used to evaluate the expressions for each term: these expressions
are extremely large, taking many pages to express, and so cannot be quoted here.
When numerically averaged (i.e. integrated) over pair interaction coordinates by
equation (2.42), each term’s contribution to BK is obtained. A sample Fortran
program (to achieve numerical integration of the θ2α3 term’s contribution via
equation (2.42), achieved by Gaussian quadrature) is contained in Appendix B.
This requires the classical intermolecular potential energy U12(τ). Couling and
Graham [12] have used the classical potential
U12(τ) = ULJ + Uµ,µ + Uµ,θ + Uθ,θ + Uµ,indµ + Uθ,indµ + Ushape (2.79)
where ULJ is the Lennard-Jones 6:12 potential, Uµ,µ, Uµ,θ and Uθ,θ are the
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dipole-dipole, dipole-quadrupole and quadrupole-quadrupole interaction energies
of the two molecules, and Uµ,indµ and Uθ,indµ are the dipole-induced-dipole and
quadrupole-induced-dipole interaction energies of the two molecules. Ushape ac-
counts for the angular dependence of short-range repulsive force for non-spherical
molecules. Explicit expressions for these various contributions to U12(τ) have been
provided [11, 12].
In equation (2.42), the ranges of the angular variables were divided into 16 inter-
vals each, while the intermolecular separation was given a range of 0.1 nm to 3.0
nm divided into 64 intervals. The Fortran programs were run in double precision
on a dual core processor PC using the Salford F90 compiler. Program run-times
were of the order of 15 minutes each.
Computation of BK for the species C2H4, CO2 and C2H6 are now reported, to-




The molecular data required in the calculations of BK for ethene (C2H4) are pre-
sented in Table 3.1. Use has been made of the optimized values for the Lennard-
Jones force constants R0 and ε/k as well as the shape parameters D1 and D2
which were obtained by fitting the calculated second pressure virial coefficient
B(T ) to experimental data [20] over a range of temperature [21]. Ethene is of
D2h symmetry, and the previous calculations of the second light-scattering virial
coefficient Bρ have demonstrated that only when full account of the molecular
symmetry is taken into consideration is agreement between measured and calcu-
lated Bρ values achieved (to better than 3%).
Tables 3.2 to 3.6 provide the relative magnitudes of the various contributions
to BK calculated at intervals of temperature spanning 202.4 K and 363.7 K (cho-








θ2αn account for 47%. As the temperature increases, the quadrupole
terms begin to gradually diminish, contributing only 11.5% to BK at T = 363.7
K.
39
40 CHAPTER 3. RESULTS AND DISCUSSION
Table 3.1: Molecular properties of ethene used in the calculation of BtheoryK (T ) .
Properties Value Reference
R0(nm) 0.4232 [11, 21, 22]
ε/k(K) 190.0 [11, 21, 22]
D1 0.22965 [11, 21, 22]







1040α (C2m2J−1) 4.7124 [11, 21, 24, 25]
1040∆α (C2m2J−1) 2.0215 [11, 21, 24, 25]
1040α11 (C
2m2J−1) 4.305 [11, 21, 24, 25]
1040α22 (C
2m2J−1) 3.804 [11, 21, 24, 25]
1040α33 (C
2m2J−1) 6.029 [11, 21, 24, 25]
1040a (C2m2J−1) 4.571 [11, 21, 26]
1040∆a (C2m2J−1) 1.914 [11, 21, 26]
1040a11 (C
2m2J−1) 4.245 [11, 21, 26]
1040a22 (C
2m2J−1) 3.666 [11, 21, 26]
1040a33 (C
2m2J−1) 5.803 [11, 21, 26]
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Table 3.2: The relative magnitudes of the various contributions to BK for ethene
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Table 3.3: The relative magnitudes of the various contributions to BK for ethene
























Table 3.4: The relative magnitudes of the various contributions to BK for ethene
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Table 3.5: The relative magnitudes of the various contributions to BK for ethene
























Table 3.6: The relative magnitudes of the various contributions to BK for ethene
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Figure 3.1: Temperature dependence of the calculated and measured second Kerr-
effect virial coefficients of ethene. The dotted curve is for the pure polarizability
terms, while the solid curve also includes quadrupole contributions, both curves
being for the molecular parameter set in Table 3.1. The dashed curve is for the
alternative force constants discussed in the text. Circles are the experimental
data of Buckingham et al.[27] while squares are the measured data of Tammer
and Hüttner [25].
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Figure 3.1 contains a plot of the available measured BK data together with the
computed BK curves both of the pure polarizability terms (dotted line) as well
as with inclusion of the quadrupole terms (solid line). Note that the collision-
induced θ2α4 term makes the dominant contribution to the quadrupole series for
all temperatures examined, and that the series converges quite rapidly by the θ2α7
term, which contributes 1.5% to BK at 202.4 K, but only 0.14% at T = 363.7
K. It is especially at the lower temperatures that the higher-order terms require
inclusion, θ2α6 contributing 6% to BK at 202.4 K, although only contributing
0.7% at 363.7 K.
The experimental data are of limited precision, often with considerable error
bars, and the accuracy is questionable, with large scatter in the points. At the
lower temperatures, the measured data span a small range of pressure, so that
the extracted BK values are rendered especially imprecise and inaccurate.
To explore the effect of a change in force constants on the calculated BK curves,
calculations were performed for R0 = 0.41 nm, ε/k = 195 K and D1 = 0.22874,
D2 = 0.21298. The shape factors were obtained by optimizing the calculated
second pressure virial coefficients to the measured data, although the fit was 5%
more discrepant than for the carefully-optimized force constants in Table 3.1. The
dashed BK curve in Figure 3.1 is obtained, which more closely matches the low-
temperature BK measured data, although more precise re-measurements would
be useful to decide on the accuracy of these points. These new force constants
yield a second light-scattering virial coefficient at room temperature that is 15%
away from the measured data, suggesting that these force constants are not op-
timal.
Hohls’ calculated BK terms are sometimes almost an order of magnitude in error
[13], and after a thorough and careful investigation of the present work, we con-
clude that something has gone awry in her analysis.
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Tammer and Hüttner performed calculations of BK for C2H4 using DID the-
ory but approximating the molecule to be of axial symmetry [27]. At T = 202.4
K, for example, their computed BK is some 21% lower than our pure polarizabil-
ity term contributions, further indicating the necessity of taking full molecular
symmetry into account. They have neglected QID contributions altogether.
3.2 Carbon Dioxide
Table 3.7 contains the molecular properties required for the calculations of BK
for the axially-symmertic carbon dioxide (CO2) molecule. Again, the same op-
timized force constants established from earlier work on second light-scattering
virial coefficients [11] are used. Like C2H4, CO2 has a relatively large quadrupole
moment and polarizability anisotropy, and the quadrupole series of terms are
found to dominate BK at the lower temperatures (67% of BK at T = 200 K
and 56% at 380 K). Even at 490 K, as the quadrupole contribution diminishes,
the pure polarizability terms are only contributing almost equally to BK as the
quadrupole terms. Here it is the θ2α3 term which dominates the quadrupole
series. Tables 3.8 to 3.11 present the relative magnitudes of the various contri-
butions to BK over a range of temperature spanning 200 to 290 K. Figure 3.2
makes a comparison with the measured BK data of Buckingham et al. [26] and
of Gentle et al. [28]
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Table 3.7: Molecular properties of carbon dioxide used in the calculation of












1040α (C2m2J−1) 2.9314 [11]







1040a (C2m2J−1) 2.885 [11]
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Table 3.8: The relative magnitudes of the various contributions to BK for carbon
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Table 3.9: The relative magnitudes of the various contributions to BK for carbon
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Table 3.10: The relative magnitudes of the various contributions to BK for carbon
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Table 3.11: The relative magnitudes of the various contributions to BK for carbon
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Figure 3.2: Temperature dependence of the calculated and measured second Kerr-
effect virial coefficients of CO2. The dashed curve is for the pure polarizability
terms, while the solid curve includes quadrupole contributions, both for the molec-
ular parameter set in Table 3.7. Squares are the experimental data of Buckingham
et al.[27] while circles are the measured data of Gentle et al. [26].
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For CO2, the θ2α3 term makes the dominant contribution to the quadrupole
series over the range of experimental temperature, the series rapidly converging
by the θ2α6 term. The magnitude and sign of the various collision-induced terms
depends in part on the intermolecular potential, and hence on the permanent
electric quadrupole moment as well as the polarizability and induced dipole and
quadrupole moments. At 200 K, the terms in the polarizability contribute only
33% to BK , the new QID terms accounting for the other 67%. Unfortunately,
the precision and accuracy of the measured BK data are rather poor, so that a
future goal will be to revisit the experimental measurement of the Kerr effect for
this species.
3.3 Ethane
Table 3.12 contains the molecular data required in the calculation of BK of
ethane (C2H6). Here, the relatively tiny quadrupole moment and polarizabil-
ity anisotropy of the molecule sees the quadrupole series contributing 0.5% or
less to the overall BK values. The experimental data span 255 to 318 K [29], and
Tables 3.13 to 3.16 present the relative magnitudes of the various contributions
to BK over the temperature range 200 to 320 K.
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1040α (C2m2J−1) 4.9680 [11]







1040a (C2m2J−1) 4.870 [11]








Table 3.13: The relative magnitudes of the various contributions to BK for ethane
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Table 3.14: The relative magnitudes of the various contributions to BK for ethane
























Table 3.15: The relative magnitudes of the various contributions to BK for ethane























60 CHAPTER 3. RESULTS AND DISCUSSION
Table 3.16: The relative magnitudes of the various contributions to BK for ethane
























Figure 3.3: Temperature dependence of the calculated and measured second Kerr-
effect virial coefficients of ethane. The solid curve includes quadrupole contribu-
tions, though more than 99.5% of BK arises from the pure polarizability terms.
Squares are the measured data of Buckingham [27].
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3.4 Concluding Remarks
This project has seen the extension of the existing molecular-tensor theory of BK
to include contributions arising from the molecular electric quadrupole moment.
For non-dipolar molecules which possess a relatively large permanent quadrupole
moment and polarizability anisotropy, these new terms are seen to make a con-
siderable contribution to BK , often in excess of 50%. The calculated BK values
for C2H4 and CO2 are seen to be in reasonable agreement with the existing ex-
perimental data, though the poor precision and accuracy of the measured data
would suggest that more refined experimental measurements are warranted. A
new Kerr-effect apparatus is under development [30], and will hopefully soon yield
more precise BK measurements, which should provide a more stringent test of
the molecular-tensor theory presented here.
Appendix A
A.1 The Euler angles and the T -tensors.
The relative orientation of an interacting pair of modules under the influence of
a static applied electric field Ei is shown in figure A.1.1 below
Figure A.1: Molecule-fixed axes O(1, 2, 3) and O(1′, 2′, 3′) of the interacting pair
of molecules 1 and 2 respectively. The space-fixed axes are O(x,y,z).
The space-fixed axes are defined by the direction of the applied uniform elec-
tric field, which is Ex. The molar Kerr-constant determinations are performed in
the space-fixed axes, while to exploit the symmetry of the molecule its physical
property tensors must be referred to a system of molecule-fixed axes. Since the
molecules are tumbling around in space, their molecule-fixed axes are continu-
ally changing with respect to the space-fixed axes. The average projection of a
63
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molecule’s tensor properties in the space-fixed axes is then obtained by referring
the molecular-property tensors to molecule-fixed axes, and then projecting them
into the space-fixed axes and averaging the projection over the orientational mo-
tion of the molecule.
As before, the Greek tensor subscripts are used to denote the tensor in the
space-fixed axes while i,j,k and i’,j’,k’ denote the tensors for molecules 1 and
2 respectively, expressed in their own system of molecule-fixed axes as illustrated
in figure A.1.1. Nine direction cosines aαi are required to describe the relative
orientation of each set of molecule-fixed axes and the space-fixed axes. Euler
angles are used to describe an arbitrary rotation of a system of Cartesian axes
about its origin. For molecule 1, the nine direction cosines aαi can be expressed



















cosα1cosβ1cosγ1−sinα1sinγ1 sinα1cosβ1cosγ1 + cosα1sinαγ1 −sinβ1cosγ1




For molecule 2, the relation between the Euler angles and direction cosines is
given as



















cosα2cosβ2cosγ2−sinα2sinγ2 sinα2cosβ2cosγ2 + cosα2sinαγ2 −sinβ2cosγ2






0 ≤ α ≤ 2π
0 ≤ β ≤ π
0 ≤ γ ≤ 2π

. (A.3)
The six Euler angle above, together with the R parameter (which gives the inter-
molecular separation), are sufficient to fully describe the relative configuration of
the two interacting molecules.
The general form of the T -tensors is
T (1) = (−1)nT (2) (A.4)











where R is the relative separation of the interacting molecules measured from











A.2 The Total Oscillating Dipole Moment of Molecule
1 in the presence of Molecule 2
The total electric dipole moment induced on a representative molecule 1 in terms
of molecular-property tensors is given below. The inducing electric field is that
of the light beam E as well as the field due to the oscillating multipole moments
of the neighbouring molecule 2.
µ
(1)
i (E0) = α
(1)



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The differential polarizability of molecule 1 in the presence of both the applied











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The first derivative of the differential polarizability of molecule 1 in the pres-
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ence of both the applied static field and a neighbouring molecule 2 with respect











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The second derivative of the differential polarizability of molecule 1 in the pres-
ence of both the applied static field and a neighbouring molecule 2 with respect

















































































































































































































































































































































































































































































































































































































































































A.3 The Total Static Dipole Moment of Molecule
p in the presence of Molecule q
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A.4 The Potential Energy of a Representative
Molecule p.
The potential energy of an interacting molecule p under the influence of the static
electric field Ei may be written as
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The first derivative of the potential with respect to the static electric field is
given by
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The second derivative with respect to the static electric field is given by












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































B.1 Fortran code used to calculate the θ2α3 con-




C 2 September 2016
C PROGRAM TO CALCULATE TERM Q2A3 FOR C2H4 USING GAUSSIAN INTEGRATION WITH
C 64 INTERVALS FOR THE RANGE, AND 16 INTERVALS FOR ALL ANGULAR VARIABLES
C (I.E. ALPHA1, BETA1, GAMMA1, ALPHA2, BETA2 AND GAMMA2).



















































































































































C CALCULATION OF THE LENNARD-JONES 6:12 POTENTIAL & STORAGE OF THE












C THE DIRECTION COSINE TENSOR COMPONENTS ARE STORED IN AN ARRAY:
C







































1000 FORMAT (1X, ’INDEX (IN RANGE 1 TO 16) IS CURRENTLY ’,I2 )
WRITE(6,1111)X7


















































































































C CALCULATION OF THE INTEGRATION ARGUMENT:
C
C
C 2nd Rank T-Tensor:
C






















C Dynamic Polarizability of molecule 2 in
































C Static Polarizability of molecule 2 in































C Quadrupole Moment of molecule 2 in








































































































































































































































































































































































































































B.1. FORTRAN CODE 185
40 CONTINUE
C

























































C THE INTEGRAL IS PRINTED TOGETHER WITH MOLECULAR DATA USED
C
WRITE(4,2266)












9260 FORMAT(1X,’MEAN DYNAMIC ALPHA:’,F10.5)
WRITE(4,9261)A11
9261 FORMAT(1X,’DYNAMIC ALPHA11: ’,F10.5)
WRITE(4,9262)A22
9262 FORMAT(1X,’DYNAMIC ALPHA22: ’,F10.5)
WRITE(4,9263)A33
9263 FORMAT(1X,’DYNAMIC ALPHA33: ’,F10.5)
WRITE(4,9264)ALSTAT
9264 FORMAT(1X,’MEAN STATIC ALPHA: ’,F10.5)
WRITE(4,9961)V11
9961 FORMAT(1X,’STATIC ALPHA11: ’,F10.5)
188 APPENDIX B.
WRITE(4,9962)V22
9962 FORMAT(1X,’STATIC ALPHA22: ’,F10.5)
WRITE(4,9963)V33








2220 FORMAT(1X,’SHAPE FACTOR 1: ’,F10.5)
WRITE(4,2221)SHAPE2
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